Mechanical engineering of photon blockades in a cavity optomechanical
  system by Zhai, Cuilu et al.
ar
X
iv
:1
90
1.
07
65
4v
1 
 [q
ua
nt-
ph
]  
23
 Ja
n 2
01
9
Mechanical engineering of photon blockades in a cavity optomechanical system
Cuilu Zhai, Ran Huang, Baijun Li, Hui Jing,∗ and Le-Man Kuang†
Key Laboratory of Low-Dimensional Quantum Structures and Quantum Control of Ministry of Education,
Department of Physics and Synergetic Innovation Center for Quantum Effects
and Applications, Hunan Normal University, Changsha 410081, China
(Dated: January 24, 2019)
We propose to mechanically control photon blockade (PB) in an optomechanical system with driving oscil-
lators. We show that by tuning the mechanical driving parameters we achieve selective single-photon blockade
(1PB) or two-photon blockade (2PB) as well as simultaneous 1PB and 2PB at the same frequency. This mechan-
ical engineering of 1PB and 2PB can be understood from the anharmonic energy levels due to the modulation
of the mechanical driving. In contrast to the optomechanical systems without any mechanical driving featur-
ing PB only for specific optical detuning, our results can be useful for achieving novel photon sources with
multi-frequency. Our work also opens up new route to mechanically engineer quantum states exhibiting highly
nonclassical photon statistics.
I. INTRODUCTION
Achieving single-photon sources is highly desirable in
modern quantum devices, including single-photon transis-
tors [1], quantum repeaters [2], quantum-optical Josephson in-
terferometer [3], as well as low-power sensors, qubit gates [4],
and non-classical light switches [5–7]. Over the years, the
studies and applications [8–15] of photon blockade (PB) open
the possibility of realizing such goal originally proposed in
a nonlinear cavity [16]. We note that single-photon block-
ade (1PB) [16, 17], the generation of a single photon in a
nonlinear cavity can impede the probability of generating an-
other photon in the cavity, has been experimentally demon-
strated in different systems including cavity or circuit cavity
quantum electrodynamics systems [18–23] and cavity-free de-
vices [24]. In a recent experiment [25], two-photon blockade
(2PB) [25–31] has also been demonstrated, opening a route
for creating two-photon logic gates. PB requires large non-
linearities which turns out to be highly challenging in prac-
tice. However, recently, unconventional PB, even with weak
nonlinearities, based on the destructive quantum interferences
between different dissipative pathways was theoretically pro-
posed [32–42] and then experimentally demonstrated [43, 44].
In theoretical studies, PB has also been studied in optical
waveguides[45], coupled cavities [46–48], circuit-QED [49],
gain cavity [50], spinning resonator [51] and optomechani-
cal system (OMS) [52, 53]. We note that in the past decade,
cavity optomechanics [54–57] has significantly extended fun-
damental studies and practical applications of coherent light-
matter interactions, such as optomechanically induced trans-
parency [58–60], ultrasensitive sensing [61, 62], storage and
transduction of light signals [63], and the investigation of non-
linear dynamics [64]. In addition, analogous to PB [65–67],
phonon blockade [68–73] has also been studied in the OMS,
offering a way to study the nonclassicality, entanglement, and
dimensionality of the blockaded phonon states.
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In this work, we study mechanical engineering of PB in
the OMS with a driven oscillator [74, 75]. This coherent
driving of mechanical oscillator has been experimentally re-
alized in the OMS by using Josephson phase qubits [76], mi-
crowave electrical driven [77], and other time-varying weak
forces, which provide new tools to control optomechanical
devices in applications from precision metrology [78] to tun-
able photonics [79, 80]. For example, in recent experiments,
mechanical pump was used to break time-reversal symmetry
for light propagation [81], to observe cascaded optical trans-
parency [82], and to control spin-phonon coupling [83, 84].
However, previous studies on the role of mechanical pump
in an OMS have mainly focused on the classical regimes,
e.g., control of transmission rates instead of quantum noises.
Here, we study mechanical engineering of PB, a purely quan-
tum effect. We find that, by tuning the strength of the me-
chanical pump, the multi-frequency PB can be achieved in
OMS, which is distinct from previous studies featuring PB
only for specific optical detuning. Our results open a new
route to study mechanical engineering of purely quantum op-
tomechanical effect, such as mechanical squeezing [85, 86],
photon-phonon entanglement [87, 88].
The remainder of this article is organized as follows. Sec-
tion II introduces the physical model under our consideration.
By theoretically treating the weak-driving term in Hamilto-
nian as a perturbation, we diagonalize the Hamiltonian and
derive the anharmonic energy levels of the system. Then we
analytically and numerically calculate the optical correlations
of the system and show the mechanical engineering of PB.
Finally, Sec. III is a summary and conclusion.
II. MODEL AND SOLUTIONS
We consider an OMS schematically illustrated in Fig. 1(a).
The cavity is driven by a weak monochromatic laser field with
frequency ωL. Meanwhile, a mechanical pump with strength
G is applied to excite the mechanical resonator. Moving to
the rotating frame with respect to the driving laser field, the
Hamiltonian of the system is of the form (hereafter ~ = 1)
2H = Hs +Hd +Hp,
Hs = ∆ca
†a+ ωmb
†b+ g0a
†a(b† + b),
Hp = G(bˆ
† + bˆ),
Hd = Ω(aˆ
† + aˆ). (1)
Here, a (a†) and b (b†) are, respectively, the annihilation (cre-
ation) operators of the optical cavity field and the mechani-
cal mode, with respective resonant frequencies ωc and ωm.
g0 represents the single-photon coupling strength between the
cavity field and the mechanical resonator. ∆c = ωc − ωL is
the detuning between the cavity mode and the driving field.
Here, the strong-coupling regime, where the coupling rate g0
exceeds the cavity amplitude decay rate γc is required. Hs is
the Hamiltonian of the OMS without driving term and pump-
ing term. The interaction between the mechanical mode and
the pumping field is described as Hp. The mechanical pump
is used to excite phonons in the mechanical mode. The Hamil-
tonian of the mechanical pump was realized by the cavity
electro-optomechanical system consisting of a microtoroidal
optomechanical oscillator with an integrated electrical inter-
face that allows a radial force to be applied directly to the me-
chanical resonator as in Refs. [74, 75]. Hd describes the cou-
pling between the cavity and the weak optical driving laser.
The amplitude of the driving fieldΩ is related to the input laser
power Pin and cavity decay rate γc by |Ω| =
√
Pinγc/ωL.
Here, we show that the Hamiltonian exhibits an anharmonic
energy-level configuration, which is crucial to realize 1PB and
2PB. In order to study the eigenenergies of the system, we
consider |n〉a and |m〉b (n,m = 0, 1, 2...) as the harmonic-
osillator number states of the cavity field and the mechanical
mode, respectively. We consider a unitary transformation
D(n) = exp[(g0n+G)/ωm(b − b†)], (2)
applied to Hs +Hp, where n = a
†a. The Hamiltonian H˜ =
D†(Hs +Hp)D is generalized with the form
H˜ = ∆ca
†a+ ωmb
†b− η(a†a)2 − δa†a− G
2
ωm
. (3)
Clearly, the Hamiltonian H˜ satisfies
H˜ |n〉a|m〉b = Enm|n〉a|m〉b, (4)
where the eigenvalues are
Enm = n∆c +mωm − n2η − nδ − G
2
ωm
, (5)
where, η = g20/ωm and δ = 2g0G/ωm. We multiply the
operatorD(n) from the two sides of Eq. (4), one can obtain
(Hs +Hp)|n〉a|m˜(n)〉b = Enm|n〉a|m˜(n)〉b. (6)
The n-photon displaced number states in Eq. (6) are defined
by
|m˜(n)〉b = D(n)|m〉b. (7)
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FIG. 1. (a) Schematic of the OMS for a Fabry-Perot optical cavity
with a moving mirror (mechanical resonator). A mechanical pump
with strengthG is applied to the mechanical resonator. The mechani-
cal pump was realized by the experimental setup of the cavity electro-
optomechanical system consisting of a microtoroidal optomechani-
cal oscillator with an integrated electrical interface that allows a ra-
dial force to be applied directly to the mechanical resonator as in
Refs. [74, 75]. (b) Energy-level diagram of the OMS with (the left)
and without mechanical pump (the right) for the relevant zero-photon
state |0〉
a
, one-photon state |1〉
a
, and two-photon state |2〉
a
.
Especially, |m˜(0)〉b = exp[(G/ωm)(b − b†)] |m〉b. From the
Eq. (5), we can know that anharmonic energy levels of the
system are obtained based on the nonlinear coupling and the
mechanical pump. We note that the energy frequency shift
with n2η in Eq. (5) is caused by the nonlinear optomechanical
interaction, which has been studied in previous literature [52].
Due to the mechanical pump, the energies can be modulated
by the terms of nδ andG2/ωm.
Since the optical driving strength is much smaller than the
cavity decay rate, Ω ≪ γc, only the lower energy states
|0〉a, |1〉a, and |2〉a of the cavity field are occupied. For con-
venience, the eigen spectrum of the Hamiltonian Hs + Hp
limited in the zero-, one-, and two-photon cases is shown in
Fig. 1(b). The nonlinear resonator exhibits the energy shifts
ξn =
(n2g20 + 2ng0G+G
2)
ωm
, (8)
in n-photon states without phonon sidebands respectively.
Without the mechanical pump, i.e., G = 0, the anharmonicity
reduces to ξn = n
2g20/ωm. When G 6= 0, this energy shift
can be modulated by tuning the strength of the mechanical
pump filed, which can be used to realize photon sources with
optional frequencies.
In Fig. 1(b), for the input laser frequency ωL = ω10 =
3ωc − 2η, no PB can emerge without mechanical pump. How-
ever, for the same driving laser, 1PB can be realized with the
mechanical pumping strength G = g0/2. Similarly, with
the mechanical pump, 2PB corresponding to the transitions
|0〉a|0˜(0)〉b → |2〉a|0˜(0)〉b and |0〉a|0˜(0)〉b → |2〉a|2˜(2)〉b can
occur for the driving frequency ω20 and ω21, respectively, but
can not emerge in the system without the mechanical pump for
the same driving frequency. In the OMS without the mechani-
cal pump, 1PB or 2PB occurs at particular optical driving fre-
quency, which fulfills the single-photon or two-photon reso-
nance transition condition. However, by tuning the strength of
the mechanical pump, PBs can be realized with optional fre-
quencies. This is a clear signature of mechanical engineering
of PBs, which opens up a new route to achieve single-photon
or few-photon sources with multi-frequency.
Next, we analytically calculate the second-order and the
third-order correlation functions of cavity photons by treating
the weak-driving term for Hamiltonian (1) as a perturbation.
For the sufficient small Ω, only the lower energy levels of the
system are excited. Then the general state of the system in the
few-photon subspace can be written as
|ψ(t)〉 =
n=3∑
n=0
∞∑
m=0
Cn,m(t)|n〉a|m˜(n)〉b, (9)
where coefficients Cn,m describe the probability amplitudes
of the corresponding states respectively. The single-photon,
two-photon, and three-photon displaced number states for the
mechanical modes can be obtained from Eq. (7) and read
|m˜(1)〉b = exp[ g0
ωm
(b− b†) + G
ωm
(b− b†)]|m〉b,
|m˜(2)〉b = exp[ 2g0
ωm
(b− b†) + G
ωm
(b− b†)]|m〉b,
|m˜(3)〉b = exp[ 3g0
ωm
(b− b†) + G
ωm
(b− b†)]|m〉b. (10)
Considering the dissipation of the cavity mode (the time in
the case of 1/γc ≪ t≪ 1/γm, γm represents the mechanical
decay), we phenomenologically add an anti-Hermitian term to
Hamiltonian (1) [65]. The effective non-Hermitian Hamilto-
nian takes the form
Heff = H − iγc
2
a†a. (11)
In terms of Eqs. (9) and (11), and the Schro¨dinger equation
idψ(t)/dt = Heffψ(t), we obtain the equations of motion for
the probability amplitudes
C˙0,m = −iE0,mC0,m − iΩ
∞∑
m′=0
b〈m˜(0)|m˜′(1)〉bC1,m′ ,
C˙1,m = −Γ1C1,m − iΩ
∞∑
m′=0
b〈m˜(1)|m˜′(0)〉bC0,m′
−i
√
2Ω
∞∑
m′=0
b〈m˜(1)|m˜′(2)〉bC2,m′ ,
C˙2,m = −Γ2C2,m − i
√
2Ω
∞∑
m′=0
b〈m˜(2)|m˜′(1)〉bC1,m′
−i
√
3Ω
∞∑
m′=0
b〈m˜(2)|m˜′(3)〉bC3,m′ ,
C˙3,m = −Γ3C3,m − i
√
3Ω
∞∑
m′=0
b〈m˜(3)|m˜′(2)〉bC2,m′ ,
(12)
where Γn = nγc/2+ iEn,m. These transiton rates can be cal-
culated using the relations b〈l˜(n′)|k˜(n)〉b =b 〈l|D(n−n′)|k〉b
and
b〈l|eα(b
†−b)|k〉b =


√
l!
k!e
−α
2
2 (−α)k−lLk−ll (α2), k ≥ l√
k!
l! e
−α
2
2 (−α)l−kLl−kk (α2), l > k
(13)
where Lsr(x) is generalized Laguerre polynomial.
In the weak-driving case, we have the following approxi-
mate formulas: C0,m ∼ 1, C1,m ∼ Ω/γc, C2,m ∼ Ω2/γ2c ,
C3,m ∼ Ω3/γ3c . To approximately solve Eq. (12), we ne-
glect the higher-order terms of Ω in the weak driving regime.
Note this approximation has been widely utilized in cavity
QED [89, 90] and OMS [65, 91] for studying the photon
statistics. For an initial empty cavity, we have C1,m(0) = 0,
C2,m(0) = 0, C3,m(0) = 0; then the long-time solution of
Eq. (12) can be approximately obtained as
C0,m = C0,m(0)e
−iE0,mt,
C1,m = −Ω
∞∑
l=0
b〈m˜(1)〉|l˜(0)〉bC0,l(0)e−iE0,lt
(E1,m − E0,l − iγc2 )
,
C2,m =
√
2Ω2
∞∑
n,l=0
b〈m˜(2)|n˜(1)〉b
(E1,n − E0,0 − iγc2 )
× b〈n˜(1)|l˜(0)〉bC0,l(0)e
−iE0,lt
(E2,m − E0,l − iγc) ,
C3,m = −
√
6Ω3
∞∑
m′,q,l=0
b〈m˜(3)|m˜′(2)〉b b〈m˜′(2)|q˜(1)〉b
(E1,q − E0,l − iγc2 )
× b〈q˜(1)|l˜(0)〉bC0,l(0)e
−iE0,lt
(E2,m′ − E0,l − iγc)(E3,m − E0,l − i 3γc2 )
,
(14)
where C0,m(0) and C0,l(0) are determined by the initial state
of the mechanical modes. We assume that the membrane is
4initially in its ground state |0〉b, i.e., C0,m(0) = δm,0. For
simplicity, we consider the Taylor expansion of the unitary
operators, then the long-time solutions of the system can be
obtained from Eq. (14). Accordingly, the probability of zero-
photon, one-photon, two-photon and three-photon of the sys-
tem can be obtained.
The equal-time second-order correlation and the equal-time
third-order correlation can be written as g(2)(0) = 2P2/(P1+
2P2)
2 and g(3)(0) = 6P3/(P1 + 2P2 + 3P3)
3, i.e.,
g(2)(0) =
∞∑
m=0
2|C2,m|2
(|C1,m|2 + 2|C2,m|2)2 , (15)
g(3)(0) =
∞∑
m=0
6|C3,m|2
(|C1,m|2 + 2|C2,m|2 + 3|C3,m|2)3 , (16)
where P1 =
∑∞
m=0 |C1,m(t)|2, P2 =
∑∞
m=0 |C2,m(t)|2 and
P3 =
∑∞
m=0 |C3,m(t)|2 are the probabilities for finding a sin-
gle photon, two photons and three photons in the cavity, re-
spectively.
In the weak-driving case, P 21 ≫ P 22 and P 22 ≫ P 23 . Thus,
correlation functions are reduced to
g(2)(0) ≈ 2P2
P 21
, (17)
g(3)(0) ≈ 6P3
P 31
. (18)
We now turn to the numerical solution case. In
fact, g(2)(0) = 〈a†a†aa〉/〈a†a〉2 and g(3)(0) =
〈a†a†a†aaa〉/〈a†a〉3 [25]. The classical and quantum fluctu-
ations of the environmental degrees of freedom will introduce
damping to the cavity field and mechanical oscillator [92, 93],
as required by the fluctuation-dissipation theorem [94]. After
taking into account both optical and mechanical dissipations,
the dynamical evolutoin of the system is described by the mas-
ter equation
ρ˙ = i[ρ,H ] +
γc
2
(2aρa† − a†aρ− ρa†a)
+
γm
2
(n¯m + 1)(2bρb
† − b†bρ− ρb†b)
+
γm
2
n¯m(2b
†ρb− bb†ρ− ρbb†), (19)
where we assume that the cavity field is connected with a vac-
uum bath. γm represents the mechanical decay, and n¯m is the
average thermal photon number related to the temperature by
n¯m = [exp(ωm/kBTM ) − 1]−1, where kB is the Boltzmann
constant, TM is the temperature of the enviroment.
A. 1PB and 2PB without mechanical pump
In the OMS without the mechanical pump, i.e., G = 0, we
get the approximate solution of the equal-time second-order
and third-order correlation functions
g(2)(0) =
4χ21 + γ
2
c
4χ22 + γ
2
c
, (20)
g(3)(0) =
4(χ21 + γ
2
c )
2
(4χ22 + γ
2
c )(4χ
2
3 + γ
2
c )
, (21)
FIG. 2. The correlation functions g(2)(0) and g(3)(0) versus∆c/ωm
for the OMS without mechanical pump are show in (a),(b) repec-
tively. The solid curves are based the numerical solution of Eq. (19),
while the dashed curves are based on the analytical solution of
Eq. (14). The case of g(2)(0) ≪ 1 (i.e., the dip) in (a) indi-
cates 1PB. (c),(d) Correlation functions g(2)(0) and g(3)(0) versus
∆c/ωm without mechanical pump. The horizontal black dashed
lines show g(n)(0) = 1(n,m = 2, 3) on the basis of Eq. (24).
The solid lines represent the parameter space satisfying the crite-
rion, the blue dotted and red dashed lines represent the region that
does not satisfy the criterion. Figure 3(c) shows 2PB with the two-
phonon sidebands, corresponding to |0〉a|0˜(0)〉b ↔ |2〉a|0˜(2)〉b.
Figure 3(d) shows 2PB without phonon sidebands, corresponding to
|0〉a|0˜(0)〉b ↔ |2〉a|2˜(2)〉b. The parameters are taken as g0/ωm =
0.5, Ω/ωm = 0.01, γc/ωm = 0.3, γm/ωm = 0.001 and n¯m = 0
(T = 0).
where χn = ∆c − nη.
Supposing that the driving field is tuned to the single-
photon resonantce (SPR) transition frequency, i.e., ∆c =
g20/ωm, the correlation function becomes
g
(2)
SPR(0) =
γ2c
4η2 + γ2c
. (22)
In the strong-coupling regime, i.e., g0 > γc, we have
g
(2)
SPR(0) ≪ 1. It means the probability of exciting the single-
photon state is higher than that of preparing a two-photon
state.
5In the case of two-photon resonance (TPR),∆c = 2g
2
0/ωm,
the equal-time second-order correlation function becomes
g
(2)
TPR(0) =
4η2 + γ2c
γ2c
. (23)
We have g(2)(0) >≫ 1, which indicates that the cavity tends
to be in the two-photon state rather than be the single-phonon
state. The single-photon or two-phonon transitions can also
happen in the n-phonon sidebands, as discussed later.
To study 1PB, we calculate the optical correlation function
g(2)(0) by using both analytic and numerical method. The
condition g(2)(0) ≪ 1 characterizes 1PB. In order to prove
2PB where the absorption of two photons suppresses the ab-
sorption of further photons, it is sufficient to fulfill a necessary
criterion, i.e.,
g(2)(0) > 1,
g(3)(0) < 1. (24)
In Figs. 2(a) and 2(b), we plot both the optical correlation
functions g(2)(0) and g(3)(0) versus ∆c/ωm for G = 0, of
which the analytical and numerical results fit well. In general,
g(2)(0) > 1 stands for a supper-Poisson distribution of the
cavity field and g(2)(0) ≫ 1 corresponds to photon-induced
tunneling (PIT). g(2)(0) < 1 represents the sub-Poisson statis-
tics and g(2)(0) ≪ 1 corresponds to 1PB signifying non-
classical correlation. The condition g(2)(0) → 0 means a
complete 1PB. As shown in Fig. 2(a), 1PB (i.e., the dip) oc-
curs. The dip corresponds to 1PB and also the SPR case relat-
ing to the single-photon process |0〉a|0˜(0)〉b ↔ |1〉a|0˜(1)〉b.
The peak corresponds to PIT and also the two-photon pro-
cess |0〉a|0˜(0)〉b ↔ |2〉a|0˜(2)〉b. As a matter of fact, the pho-
ton transitions can happen in the n-photon sidebands. Fig-
ures 2(c) and 2(d) show the correlation functions g(2)(0) and
g(3)(0) versus ∆c/ωm without mechanical pump. We find
2PB emerges around ∆/ωm = −0.64 or ∆/ωm = 0.385,
corresponding to the transition |0〉a|0˜(0)〉b ↔ |2〉a|0˜(2)〉b,
or two-phonon sideband |0〉a|0˜(0)〉b ↔ |2〉a|2˜(2)〉b, respec-
tively, which fulfills the correlation given in Eq. (8).
B. Mechanical engineering of 1PB and 2PB
In the OMS with the mechanical pump, the equal-time
second-order correlation and third-order correlations are mod-
ified as
g(2)(0) =
4(χ1 − δ)2 + γ2c
4(χ2 − δ)2 + γ2c
, (25)
g(3)(0) =
4[(χ1 − δ)2 + γ2c ]2
[4(χ2 − δ)2 + γ2c ][4(χ3 − δ)2 + γ2c ]
. (26)
For the SPR case, ∆c = g
2
0 + 2g0G/ωm, the equal-time
second-order correlation function is given as:
g
(2)
SPR(0) =
γ2c
4η2 + γ2c
. (27)
FIG. 3. (a) The equal-time second-order correlation function g(2)(0)
versus∆c/ωm for the system without mechanical pump, i.e.,G = 0.
The dashed curve is the theoretically predicted second-order correla-
tion function and the solid line is from numerical results. (b),(c) nu-
merical equal-time second-order correlation function versus∆c/ωm
for G = 0 and G/ωm = 0.3 respectively. The other parameters are
the same as Fig. 2.
For the TPR case,∆c = (2g
2
0 +2g0G)/ωm, the equal-time
second-order correlation function is given as:
g
(2)
TPR(0) =
4η2 + γ2c
γ2c
. (28)
As we can see, the mechanical pump only shifts the optical
driving frequency of photon resonances, but doesn’t weak the
strength of equal-time correlation functions.
We now consider the mechanical engineering of 1PB. In
Fig. 3(a), we plot both the analytical and numerical correla-
tion function g(2)(0) versus ∆c/ωm for G/ωm = 0.3, and
the analytical and numerical results are in good agreement.
The dashed curve is based on the analytical solutions while
the solid curve is based on the numerical results. For the
OMS without mechanical pump, g(2)(0) always has a dip at
the specific optical detuning ∆c/ωm = 0.22ωm or a peak
at ∆c/ωm = 0.55ωm, corresponding to 1PB or PIT, respec-
tively. In contrast, with mechanical pump, by tuning the me-
6FIG. 4. The equal-time second-order correlation function g(2)(0)
versus the strength of mechanical pump G for the conditions
∆c/ωm = 0.3 and ∆c/ωm = 0.5, respectively. The other parame-
ters are the same as Fig. 2.
chanical strength, a shift for 1PB can be achieved as shown in
Fig. 3(b) and 3(c), i.e., g(2)(0) = 3.71 (no 1PB) for G = 0,
g(2)(0) = 0.33 (1PB) forG/ωm = 0.3. We note that the shift
of correlation functions is corresponding to the energy shift
given in Eq (8) as mentioned above. The shift can also quan-
titatively derived by comparing Eq. (20) and Eq. (25). This
implies the mechanical engineering of a purely quantum ef-
fect, i.e., 1PB. Due to the mechanical strength is tunable, it is
also possible to prerpare more feasible single-photon sources
with multi-frequencies, which is fundamentally different from
the previous studies.
In Fig. 4, we numerically plot correlation function g(2)(0)
versus the strength of mechanical pump G under the condi-
tions ∆c/ωm = 0.3 and ∆c/ωm = 0.5 respectively. Clearly
for higher mechanical strength, the correlation function grad-
ually changed due to the further shifted energy anharmonicity
until reaching the lowest turning point (TP), where 1PB oc-
curs. By deriving the correlation function of Eq. (20), the me-
chanical strength at TP with the fixed detuning ∆c then can
be given:
G =
−3g20 +
√
g40 + γ
2
c + 2∆cωm
4g0
. (29)
Owing to the fact that 1PB can be engineered by the me-
chanical pump, we now consider 2PB. In the following, we
show 2PB and the mechanical engineering of 2PB can also be
achieved with the mechanical pump.
In Fig. 5(a), we show equal-time third-order correlation
function versus the driving detuning ∆c/ωm from G = 0 to
G/ωm = 0.3, which also be shifted owing to the mechani-
cal pump. Figures 5(b)-(e) show correlation functions g(2)(0)
and g(2)(0) versus the driving detuning ∆c/ωm. The hori-
zontal black dashed lines show g(n)(0) = 1(n,m = 2, 3) on
the basis of Eq. (24). The solid lines represent the parameters
that satisfy the criterion; the blue dotted and red dashed lines
represent the region that does not satisfy the criterion. We
have found that there are two optical detunings where 2PB oc-
curs. Figures 5(b) and 5(d) indicate 2PB with the two-phonon
sidebands, corresponding to |0〉a|0˜(0)〉b ↔ |2〉a|0˜(2)〉b. Fig-
ures 5(c) and 5(e) indicate 2PB without phonon sidebands,
FIG. 5. (a) The equal-time third-order correlation function g(3)(0)
as a function of ∆c/ωm for the strength of G = 0 (blue solid line)
and G/ωm = 0.5 (red dashed line) respectively. (b),(c) Correlation
functions g(2)(0) (red lines) and g(3)(0) (blue lines) versus ∆c/ωm
around ∆c/ωm = −0.64 and ∆c/ωm = 0.385 respectively, with
the mechanical strength of G = 0. (d),(e) Correlation functions
g(2)(0) (red lines) and g(3)(0) (blue lines) versus ∆c/ωm around
∆c/ωm = −0.34 and ∆c/ωm = 0.685 respectively, with the me-
chanical strength ofG/ωm = 0.3. The horizontal black dashed lines
show g(n)(0) = 1(n,m = 2, 3) on the basis of Eq. (24). The solid
lines in (b-e) represent the parameter space satisfying the criterion,
the blue dotted and red dashed lines represent the region that does
not satisfy the criterion. The other parameters are the same as Fig. 2.
corresponding to |0〉a|0˜(0)〉b ↔ |2〉a|2˜(2)〉b. Obviously,
when we change the strength of the mechanical pump from
G = 0 to G/ωm = 0.3, 2PB occurs from ∆c/ωm = −0.64
to ∆c/ωm = −0.34 with two phonon sidebands, and from
∆c/ωm = 0.385 to ∆c/ωm = 0.685 without phonon side-
bands. We note that the difference between two detunings is
∆c/ωm = 0.3 exactly as predicted from fomula (21) and fo-
mula (26).
Figure 6 shows the correlation functions g(2)(0) and g(3)(0)
versus ∆c/ωm. The color codings identify the different
strengths of mechanical pump: G/ωm = 0.3 (blue lines),
G/ωm = 1.2 (red line), andG/ωm = 0.18 (orange line). The
blue backgrounds are regions where 1PB and 2PB can occur
at the same driving detuning, with two different strengths of
7FIG. 6. (a),(b) The correlation functions g(2)(0) and g(3)(0) versus
∆c/ωm. The color codings identify the different strengths of me-
chanical pump: G/ωm = 0.3 (blue lines), G/ωm = 1.2 (red line),
and G/ωm = 0.18 (orange line). The blue backgrounds are regions
where 1PB and 2PB can occur at the same driving detuning, with
two different strengths of mechanical pump respectively. The other
parameters are the same as Fig. 2.
mechanical pump respectively. In the presence of mechani-
cal pump, we can achieve both 1PB and 2PB using the same
driving laser as indicated by Figs. 6(a) and 6(b). Figure 6(a)
corresponds to 2PB without phonon sideband and Fig. 6(b)
corresponds to 2PB with two-phonon sidebands. The other
parameters are the same as Fig. 2.
III. CONCLUSION AND OUTLOOK
In this paper, we analytically and numerically calculate the
equal-time second-order and third-order correlation functions
of a cavity OMSwith a mechanical pump. By properly choos-
ing the strength of mechanical pump, we find the following:
(i) selective 1PB or 2PB can be achieved at the adjustable
optical detuning. (ii) More interestingly, simultaneous 1PB
and 2PB can be achieved at the same driving frequency. This
indicates that the mechanical engineering of OMS can pro-
vide more flexile control about few-photon emissions. Our
work shows that OMS can become another promising plat-
form to achieve such a goal. We note that in very recent ex-
periments, PB or single-photon emission was also observed in
driven pendulum-resonator system [95] or acoustically-driven
quantum well system [96].
Our work can be further extended to study mechanical en-
gineering of more purely quantum optomechanical effects,
such as mechanical squeezing, photon-phonon entanglement.
Moreover, due to the mechanical pump’s exceptional oper-
ability and convenience nature, the OMS with the mechanical
pump is an excellent candidate for exploring new applications
from precision metrology to tunable photonics. More interest-
ing than direct-current (scalar) pump, the alternating current
mechanical pump in the OMS, including phase effects, will
be studied in future work.
Note added. After finishing this work, we became aware of
a related work about mechanically controlled single-photon
emitter and frequncy comb, by using a membrane-spin hybrid
device [97].
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Appendix A: Expansion for a unitary operator D up to the order 1
We consider the limit case of g0/ωm ≪ 1. In this case, we can expand the displacement operators exp[g0/ωm(b − b†)] to
1− g0/ωm(b− b†):
〈m˜′(1)| 0˜(0)〉
b
= δm′,0 +
g0
ωm
δm′,1, (A1)
〈m˜(1)| 0˜〉
b
= δm,0 +
g0
ωm
δm,1, (A2)
〈q˜(1)| 0˜〉
b
= δq,0 +
g0
ωm
δq,1, (A3)
8〈m˜(2)| m˜′(1)〉b = δm,m′ +
√
m′ + 1
g0
ωm
δm,m′+1 −
√
m′
g0
ωm
δm,m′−1, (A4)
〈m˜′(2)| q˜(1)〉b = δm′,q +
√
q + 1
g0
ωm
δm′,q+1 −√q g0
ωm
δm′,q−1, (A5)
〈m˜(3)| m˜′(2)〉b = δm,m′ +
√
m′ + 1
g0
ωm
δm,m′+1 −
√
m′
g0
ωm
δm,m′−1. (A6)
Appendix B: Equal-time third-order correlation function
For the correlations given in Eq. (A2), we get the single-photon probability:
P1 =
∞∑
m=0
|C1|2
=
∞∑
m=0
∣∣∣∣∣∣
−Ω 〈m˜(1)| 0˜〉
b
e−iE0,0t
∆c +mωm − g
2
0
+2g0G
ωm
− iγc2
∣∣∣∣∣∣
2
=
∞∑
m=0
Ω2
∣∣ 〈m˜(1)| 0˜〉
b
∣∣2(
∆c +mωm − g
2
0
+2g0G
ωm
)2
+
(
γc
2
)2
=
Ω2(
∆c − g
2
0
+2g0G
ωm
)2
+
(
γc
2
)2 +
Ω2β2(
∆c + ωm − g
2
0
+2g0G
ωm
)2
+
(
γc
2
)2 . (B1)
For three-photon state,
C3,m(t) = −
√
6Ω3
∞∑
m′,q=0
〈m˜(3)| m˜′(2)〉b 〈m˜′(2)| q˜(1)〉b 〈q˜(1)| 0˜
〉
b
e−iE0,0t(
E1,q − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
) , (B2)
and three-photon state probability reads
P3 =
∞∑
m=0
|C3|2
∞∑
m=0
∣∣∣∣∣∣
∞∑
m′,q=0
−√6Ω3 〈m˜(3)| m˜′(2)〉b 〈m˜′(2)| q˜(1)〉b 〈q˜(1)| 0˜
〉
b
e−iE0,0t(
E1,q − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
)
∣∣∣∣∣∣
2
= 6Ω6
∞∑
m=0
∣∣∣∣∣
∞∑
m′=0
〈m˜(3)| m˜′(2)〉b U
∣∣∣∣∣
2
= 6Ω6
∞∑
m=0
|V |2 , (B3)
where
U =
∞∑
q=0
〈m˜′(2)| q˜(1)〉b 〈q˜(1)| 0˜
〉
b(
E1,q − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
) , (B4)
and
V =
∞∑
m′=0
〈m˜(3)| m˜′(2)〉b U. (B5)
9Substitutiting Eqs. (A4) and (A5) into Eq. (B4), we can obtain
U =
∞∑
q=0
〈m˜′(2)| q˜(1)〉b 〈q˜(1)| 0˜
〉
b(
E1,q − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
)
=
∞∑
q=0
(
δm′,q +
√
q + 1 g0
ωm
δm′,q+1 −√q g0ωm δm′,q−1
)(
δq,0 +
g0
ωm
δq,1
)
(
E1,q − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
)
=
δm′,0 +
g0
ωm
δm′,1(
E1,0 − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
)
+
g0
ωm
(
δm′,1 +
√
2 g0
ωm
δm′,2 − g0ωm δm′,0
)
(
E1,1 − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
) . (B6)
Substituting Eqs. (A6) and (B6) into Eq. (B5), we can obtain
V =
∞∑
m′=0
〈m˜(3)| m˜′(2)〉b U
=
∞∑
m′=0
〈m˜(3)| m˜′(2)〉b
(
δm′,0 +
g0
ωm
δm′,1
)
(
E1,0 − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
)
+
∞∑
m′=0
g0
ωm
〈m˜(3)| m˜′(2)〉b
(
δm′,1 +
√
2 g0
ωm
δm′,2 − g0ωm δm′,0
)
(
E1,0 − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
)
=
∞∑
m′=0
(
δm,m′ +
√
m′ + 1 g0
ωm
δm,m′+1 −
√
m′ g0
ωm
δm,m′−1
)(
δm′,0 +
g0
ωm
δm′,1
)
(
E1,0 − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
)
+
∞∑
m′=0
g0
ωm
(
δm,m′ +
√
m′ + 1 g0
ωm
δm,m′+1 −
√
m′ g0
ωm
δm,m′−1
)(
δm′,1 +
√
2 g0
ωm
δm′,2 − g0ωm δm′,0
)
(
E1,1 − E0,0 − iγc2
)
(E2,m′ − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
) . (B7)
Whenm′ = 0, we can obtain
V0 =
δm,0 +
g0
ωm
δm,1(
E1,0 − E0,0 − iγc2
)
(E2,0 − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
)
+
− g20
ω2m
(
δm,0 +
g0
ωm
δm,1
)
(
E1,1 − E0,0 − iγc2
)
(E2,0 − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
) . (B8)
Whenm′ = 1, we can obtain
V1 =
g0
ωm
(
δm,1 +
√
2 g0
ωm
δm,2 − g0ωm δm,0
)
(
E1,0 − E0,0 − iγc2
)
(E2,1 − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
)
+
g0
ωm
(
δm,1 +
√
2 g0
ωm
δm,2 − g0ωm δm,0
)
(
E1,1 − E0,0 − iγc2
)
(E2,1 − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
) . (B9)
Whenm′ = 2, we can obtain
V2 =
√
2
g2
0
ω2m
(
δm,2 +
√
3 g0
ωm
δm,3 −
√
2 g0
ωm
δm,1
)
(
E1,1 − E0,0 − iγc2
)
(E2,2 − E0,0 − iγc)
(
E3,m − E0,0 − i 3γc2
) . (B10)
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So we obtain
V = V0 + V1 + V2
=
δm,0 +
g0
ωm
δm,1
EHQm
+
− g20
ω2m
(
δm,0 +
g0
ωm
δm,1
)
FHQm
+
g0
ωm
(
δm,1 +
√
2 g0
ωm
δm,2 − g0ωm δm,0
)
EIQm
+
g0
ωm
(
δm,1 +
√
2 g0
ωm
δm,2 − g0ωm δm,0
)
FIQm
+
√
2
g2
0
ω2m
(
δm,2 +
√
3 g0
ωm
δm,3 −
√
2 g0
ωm
δm,1
)
FJQm
, (B11)
where
E = E1,0 − E0,0 − iγc
2
, (B12)
F = E1,1 − E0,0 − iγc
2
, (B13)
H = E2,0 − E0,0 − iγc, (B14)
I = E2,1 − E0,0 − iγc, (B15)
J = E2,2 − E0,0 − iγc, (B16)
Qm = E3,m − E0,0 − i3γc
2
. (B17)
Whenm = 0, we obtain
P3,m=0 = 6Ω
6
∑
m=0
|V |2
= 6Ω6
∞∑
m=0
∣∣∣∣ 1EQ0H −
g20
ω2mFQ0H
− g
2
0
ω2mEQ0I
− g
2
0
ω2mFQ0I
∣∣∣∣
2
= 6Ω6
∣∣∣∣∣∣
FI − g20
ω2m
EI − g20
ω2m
HF − g20
ω2m
HE
EFQ0HI
∣∣∣∣∣∣
2
≈ 6Ω6
∣∣∣∣ 1EQ0H
∣∣∣∣
2
. (B18)
Whenm = 1, we obtain
P3,m=1 = 6Ω
6
∑
m=1
|V |2
= 6Ω6
∣∣∣∣∣∣
g0
ωm
EQ1H
−
g3
0
ω3m
FQ1H
+
g0
ωm
EQ1I
+
g0
ωm
FQ1I
−
2
g3
0
ω3m
FQ1J
∣∣∣∣∣∣
2
= 6Ω6
∣∣∣∣∣∣
g0
ωm
F − g30
ω3m
E
EFQ1H
+
g0
ωm
F + g0
ωm
E
EFQ1I
−
2
g3
0
ω3m
FQ1J
∣∣∣∣∣∣
2
≈ 6Ω6 g
2
0
ω2m
∣∣∣∣ 1EQ1H +
1
EQ1I
+
1
FQ1I
∣∣∣∣
2
. (B19)
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Whenm = 2, we obtain
P3,m=2 = 6Ω
6
∑
m=2
|V |2
= 6Ω6
∣∣∣∣∣∣
√
2
g2
0
ω2m
EQ2J
+
√
2
g2
0
ω2m
FQ2J
+
√
2
g2
0
ω2m
FQ2I
∣∣∣∣∣∣
2
= 12Ω6
g40
ω4m
∣∣∣∣ 1EQ2J +
1
FQ2J
+
1
FQ2I
∣∣∣∣
2
. (B20)
Whenm = 3, we obtain
P3,m=3 = 6Ω
6
∑
m=3
|V |2
= 6Ω6
∣∣∣∣∣∣
√
6
g3
0
ω3m
FQ3J
∣∣∣∣∣∣
2
= 36Ω6
g60
ω6m
∣∣∣∣ 1FQ3J
∣∣∣∣
2
. (B21)
In the case of g0
ωm
≪ 1 , the terms with high-order can be safely neglected. Consequently the probabilities of finding single,
three photons in the cavity are, respectively, rewriten as:
P1 =
Ω2(
∆c − g
2
0
+2g0G
ωm
)
2 +
(
γc
2
)
2
, (B22)
P3 = 6Ω
6
∣∣∣∣∣
1(
E1,0 − E0,0 − iγc2
)
(E2,0 − E0,0 − iγc)
(
E3,0 − E0,0 − i 3γc2
)
∣∣∣∣∣
2
. (B23)
For the eigenvalus given in Eq. (8) , we obtain
E0,0 = −G
2
ωm
, (B24)
E1,0 = ∆c − g
2
0
ωm
− 2Gg0
ωm
− G
2
ωm
, (B25)
E2,0 = 2∆c − 4g
2
0
ωm
− 4Gg0
ωm
− G
2
ωm
, (B26)
E3,0 = 3∆c − 9g
2
0
ωm
− 6Gg0
ωm
− G
2
ωm
. (B27)
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Substituing Eq. (B22) and (B23) into g(3)(0) = 6P3
P 3
1
,we can obtain the equal-time third-order correlation
g(3)(0) =
6P3
P 31
=
36
[(
∆c − g
2
0
+2g0G
ωm
)2
+
(
γc
2
)2]
(
E1,0 − E0,0 − iγc2
)2
(E2,0 − E0,0 − iγc)2
(
E3,0 − E0,0 − i 3γc2
)2
=
36
[(
∆c − g
2
0
+2g0G
ωm
)2
+
(
γc
2
)2]3
(
∆c − g
2
0
+2Gg0
ωm
− iγc2
)2 (
2∆c − 4g
2
0
+4Gg0
ωm
− iγc
)2 (
3∆c − 9g
2
0
+6Gg0
ωm
− i 3γc2
)2
=
36
[
(∆c − η − δ)2 +
(
γc
2
)2]2
[
4 (∆c − 2η − δ)2 + γ2c
] [
9 (∆c − 3η − δ)2 +
(
3γc
2
)2]
=
36
[
4 (∆c − η − δ)2 + 4
(
γc
2
)2]2
4
[
4 (∆c − 2η − δ)2 + γ2c
] [
36 (∆c − 3η − δ)2 + 4
(
3γc
2
)2]
=
[
4 (∆c − η − δ)2 + (γc)2
]2
[
4 (∆c − 2η − δ)2 + γ2c
] [
4 (∆c − 3η − δ)2 + (γc)2
] . (B28)
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